A spinning, nearly axisymmetric rigid body is subject to constant, body-fixed forces and transverse body-fixed torques. Because no torque is applied along the spin axis and the rigid body is nearly axisymmetric, the spin rate remains nearly constant. By further assuming small angular excursions of the spin axis (with respect to an inertially fixed direction), approximate closed-form analytical solutions are obtained for attitude, rotational, and translational motion. The compact solutions in complex form are eminently suitable for analyzing maneuvers of spinning spacecraft. Numerical simulations confirm that the solutions are highly accurate when applied to typical motion of a spacecraft such as the Galileo spacecraft. 
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Introduction
I
N the past few decades analytical solutions have been developed for satellite attitude computations, significantly extending the classical torque-free and rigid-body assumptions of Poinsot motion. 1−5 New formulations for Poinsot motion have also been presented. 6, 7 The problem of the motion of spinning (and dual-spin) spacecraft presents many interesting challenges in stability and control, maneuver optimization, and nonlinear dynamics. 8−11 In an effort to achieve insight into the behavior of spinning spacecraft, numerous investigators have sought closed-form analytical solutions. Such closed-form solutions prove to be extremely useful in parametric studies, error analyses, onboard computations, optimal control, and stability analyses. In the work by Larson and Likins, 12 a closed-form solution is obtained for linearized equations in which transverse torques are present and the spin rate is constant. Cochran and Shu 13 provide an exact solution for the free motion of a dual-spin spacecraft.
A solution is given by Bödewadt 14 and discussed by Leimanis 15 for the axisymmetric rigid body subject to body-fixed torques about its principal axes. However, as pointed out and explained by Longuski, 16 the solution for the orientation of the body in inertial space is incorrect in these references. Longuski deals with the nearly axisymmetric 17, 18 case and includes analytical solutions for the Eulerian velocities (which reduces to the exact solution of Bödewadt in the axisymmetric case) and approximate analytical solutions for the Eulerian angles that provide the orientation of the body in inertial space. The accuracy of these solutions is tested and reported on by Longuski et al. 19 Using Longuski's solution as a first-order approximation, Price 20 develops a semianalytic solution in the form of a power series in one of the applied torques. Although the series converges rapidly, the method is limited to selected time intervals, having short-term validity. Van der Ha 21 presents a perturbation solution for the attitude motion subject to constant body-fixed torques, based on the ratio of transverse-to-spin-rotation rate as the small parameter, but this solution is also valid only for short time intervals.
The problem of a spinning, thrusting rigid body is important in astrodynamics because it has applications in the maneuver analysis of rockets and spacecraft. Early in the development of rocket flight, some theoretical analyses on spin-stabilized rockets appeared, most notably, those by Rosser et al. 22 and Davis et al. 23 Later, with the development of lunar and interplanetary spacecraft, interest in analytical solutions for the motion of a thrusting, spinning rigid body was reawakened. Such analyses can provide important insight into the errors occurring during axially thrusting and spinning-up spacecraft maneuvers. Theoretical models for the axisymmetric case are skillfully presented by Armstrong, 24 who cites Refs. 22 and 23 as classic, original works on the subject.
The problem of error analysis of spacecraft V maneuvers has become important in the assessment of more complex spacecraft such as the Galileo, which is a dual-spinner (for example, see Longuski 25 and Longuski et al. 26 ). The analytical problems presented by this spacecraft have provided new challenges and a source of inspiration in the development of more general theories. Even in the case where the Galileo performs maneuvers in all-spin mode (and hence can be treated as a single spinner), it poses difficulties because the spacecraft is not quite axisymmetric, and it is necessary to account for the small asymmetry. Tsiotras and Longuski 27 provide analytical solutions for the attitude dynamics of a nearly axisymmetric rigid body, subject to constant body-fixed torques about three axes. These solutions can be used to analyze the spin-up maneuver of the Galileo in which a single thruster creates a large torque about the spin axis, but also creates significant torques about the transverse axes. (Thruster couples, which could cancel transverse torques, could not be used on the Galileo spacecraft because of overriding concerns about plume impingement on sensitive scientific instruments.) In addition, Klumpe and Longuski 28 and Beck and Longuski 29 present some results for the velocity accumulated during three-axis torquing caused by constant body-fixed forces along all three axes.
In this paper, we look at the thrusting, spinning spacecraft problem. The spin rate and body-fixed forces are assumed constant. We find that using complex variables contributes significantly to the compactness of the final solutions. The advantage of the complex formulation has been noted by Leimanis, 15 Armstrong, 24 Tsiotras and Longuski, 27 and Randall et al. 30 We present approximate closedform solutions for attitude motion. Also, because displacement can be important in operations near a shuttle or a space station and in the case of formation flying, closed-form solutions are given for translational motion. Closed-form solutions are given for angular velocities, Eulerian angles, angular momentum, transverse velocities, transverse displacement, axial velocity, and axial displacement. The results are valid for axisymmetric and nearly axisymmetric bodies.
Closed-Form Solutions for Angular Velocities
The rotational motion of a rigid body in the body-fixed coordinate system is governed by Euler's equations of motion, 31 which for principal axes, can be written aṡ
We assume that the body is spinning about its z axis and there is no axial torque (M z = 0). (We note that in practice there might be a small component of axial torque from thruster misalignment or from swirl torque; in many cases this small component can be ignored, and the following analysis applies.) For an axisymmetric body (I x = I y ), nearly axisymmetric body (I x ≈ I y ), or when ω x ω y is negligible even when the body is asymmetric (ω x ω y ≈ 0), Eq. (3) integrates to
which is, of course, exact for an axisymmetric body. (In applications, most spinning spacecraft will in fact be nearly axisymmetric rather than exactly axisymmetric.) By defining new variables as
we can combine Eqs. (1) and (2) into the following linear, first-order scalar, but complex differential equation:
where
The solution to Eq. (8) can be written compactly as follows:
The first term on the right-hand side of Eq. (12) is the solution caused by the initial conditions, also called the homogeneous solution. The second term describes the response from the forcing function F, also called the nonhomogeneous solution. The solution for the transverse angular velocities is as follows:
where Re and Im indicate the real and imaginary parts, respectively, and where the asterisk denotes the complex conjugate.
Closed-Form Solutions for Eulerian Angles
We use a 3-1-2 Euler angle sequence 32 to describe the orientation of the body-fixed reference frame with respect to an inertially fixed reference frame. The corresponding kinematic equations arė
These equations are highly nonlinear and seemingly intractable, although much progress has been made using linearization, for example, by assuming φ x and φ y are small. 18 Using small-angle approximations for φ x and φ y and a further assumption that φ y ω x is small compared to ω z reduces Eqs. (15) (16) (17) tȯ
The solution to Eq. (20) is simply
Combining Eqs. (18) and (19) provideṡ
where the complex variables φ and ω are defined as
Equation (22) has the following solution:
The nonhomogeneous solution involves I φ (t), which is defined as
Therefore, to solve for the Eulerian angles, we need to evaluate I φ (t). By using Eqs (5), (6), (9), and (24), we note that ω(t) can be expressed in terms of (t) as follows:
where k 1 and k 2 are defined as (28) and I φ (t) is given by
in which
Thus the solutions for the Eulerian angles are known explicitly in terms of circular functions. These circular functions remain bounded as functions of time so that the nutation will remain bounded.
Closed-Form Solutions for Angular Momentum
The inertial and body components of angular momentum vector are related by the following equation:
where 
where c and s indicate cosine and sine, respectively. From Eqs. (33) and (37), the transverse angular momentum vector can be written in complex form as
Now, by defining
and with the assumptions that φ x and φ y are small and that the product φ x φ y is negligible, then a useful approximation is obtained for the angular momentum:
We use two methods to simplify Eq. (41). In the first method, Eqs. (21), (25) , and (34-36) are substituted into Eq. (41), and after lengthy algebraic manipulations and simplification we get
Equation (42) is an equation of a circle in the inertial plane
. This behavior is illustrated in Fig. 1 , where we show the case when M x = 0 and M y = 0. The H vector describes small circle in inertial space where the center of circle represents the average position of angular momentum, which has nonzero components along the inertial X and Y and no component along inertial X axis. The average pointing error ρ of the angular momentum vector with respect to inertial Z axis is
) assuming ρ 1 rad. For the second method, we refer the interested reader to Gick's Ph.D. dissertation. 33 Longuski et al. 19 also describe this behavior in an earlier work.
Closed-Form Solutions for Transverse Velocities
In the analysis that follows we assume that the force components f x , f y , and f z remain constant. The inertial and body components of acceleration are related by the following equation:
When φ x and φ y are small, Eq. (37) becomes
By introducing the complex functions
and using Eq. (23), we can write Eq. (44) as follows for the transverse and axial acceleration in the inertial frame:
where v Z is real. (We solve for v Z in a later section.) By integrating the transverse acceleration, Eq. (48), we get
Substituting the expressions for φ z and φ, Eqs. (21) and (25), respectively, into the Eq. (50) provides
We note in Eqs. (53) and (54) the appearance of secular terms (i.e., terms that grow monotonically with time). As expected, the axial component of velocity v Z must grow linearly with time, and therefore it is not surprising that the transverse components also exhibit secular effects. We will discuss this behavior further in the axial-velocity section.
Closed-Form Solutions for Transverse Displacements
Because the analysis of position in space could have important applications in spacecraft maneuvers near other spacecraft (i.e., formation flying) or in the vicinity of a space station or a shuttle, we present here some closed-form solutions for transverse and axial displacements. Transverse displacements can be found by integrating Eq. (51):
After some algebraic simplification, we obtain where
(1 − e iκω z0 t )
Closed-Form Solution for Axial Velocity
The solution for the axial velocity is found by integrating of the axial acceleration, Eq. (49), as follows:
In Eq. (61) we see the expected term f z t/m, which for nonzero f z represents the dominant effect. Let us now consider the important effect of the secular terms in the transverse and axial-velocity solutions. By using Eqs. (51-54), (61), and (63-65) and setting all of the initial conditions to zero, we can show that as t → ∞ the velocity ratio (which only depends on the secular terms) can be found from the following equation:
(68)
We note that when there are no transverse forces (i.e., when f x = f y = 0) the velocity is aligned with the average angular momentum vector as illustrated in Fig. 1 . When transverse torque is not present (i.e., F = 0, M x = M y = 0), then the velocity pointing error [given by Eqs. (67) and (68)] approaches zero as time goes to infinity. However, in practice transverse torques usually arise from centerof-mass offset and misalignment of axial thruster.
Closed-Form Solution for Axial Displacement
Similar to the case of transverse displacements, the axial displacement can be found by integrating Eq. (49):
After some algebra, we find
(72)
(1 − e −ikω z0 t )
As we expect, because Eqs. (72) and (73) are obtained by integration of Eqs. (64) and (65) respectively, (linear and parabolic) secular terms appear in the axial displacement.
Simulation and Numerical Results
We simulate the motion of the Galileo spacecraft 19 to compare our analytical solutions with the exact solutions. By "exact solutions," we mean a highly precise numerical integration of Eqs. (1-3) and (15) (16) (17) . Of course we use Eq. (33) to obtain the angular momentum vector in inertial space. To obtain the exact displacement, we first numerically integrate Eq. (44) using Eq. (37) for the direction cosine matrix, and then we numerically integrate the resulting exact velocities. We use a Runge-Kutta, fourth-order, double-precision numerical integration with a tolerance of 10 −18 to obtain our socalled exact solution. Because the errors in the analytical solution are several orders of magnitude greater than those in our exact solution, the difference provides the error in the analytical solution to the precision indicated in the plots that follow. The thrusting maneuver is assumed to last for 60 s with the following mass properties and initial conditions:
The 400-N engine is aligned with the spin axis (the z axis) but has a 0.02-m center-of-mass offset along the x axis so that M x = 8 N · m. We select this case because it illustrates several important features of the analytical solution particularly concerning the velocity components. (Nonzero values for f x and f y have bounded effects on the transverse velocity even when the axial force and transverse torques are nonzero, and so we do not present numerical results for these cases.)
In Fig. 2 , we show the exact solution (indicated by a solid line) for ω x (t) and the analytical solution (represented by a dashed line) for ω x (t), obtained from Eq. (13) . The difference between these solutions is indistinguishable in the plot. To display the error in the analytical solution, we plot the difference between the solutions (i.e., the exact minus analytical) in Fig. 3 . Here we see that, although it grows with time, the error is of the order 10 −7 rad/s after 60 s. [The solution for ω y (t) is similar, and so we do not present its plot.]
In Fig. 4 , we plot the exact solution (solid) and the analytical solution (dashed) for the Euler angle φ x (t) obtained from the real part of Eq. (25) . [The solution for φ y (t) is similar, and so we do not show it.] The difference in the two solutions for φ x (and φ y , which is not shown) is indistinguishable. The error in the analytical solution of φ x (t) and φ y (t) grows to about 10 −6 rad after 60 s. Figure 5 shows the exact (solid) and analytical (dashed) solutions for the pointing of the angular momentum vector, which is indistinguishable in the plot. We note that the trajectory of the tip of the angular momentum vector is a circle with a center at −M y /I z ω 
Here we see that the velocity asymptotically approaches the direction of the average path of the angular momentum vector centered at (0, 1.6 mrad). We refer the interested reader to Ref. 34 for more details. Fig. 13 ) grows to the order 10 −6 m.
Conclusions
We have presented some generic approximate closed-form solutions for the thrusting, spinning spacecraft problem under the assumptions of constant transverse torques, zero axial torque, and nearly axisymmetric body. Compact analytical solutions are given in complex form for Euler angles, angular momentum, inertial velocities, and displacements. Numerical integration of (and comparison with) the original exact differential equations reveals that the closedform solutions are highly accurate and eminently applicable to typical spin-stabilized rockets and spacecraft. This work provides an enhanced theoretical understanding of fundamental rigid-body dynamics and a basis for future work and more sophisticated theories. The original solutions can serve as the groundwork for computational algorithms that provide the attitude, rotational, and translational state of the body at any time, allowing parametric studies in rocket, missile, and spacecraft design. These closed-form solutions also have potential applications in onboard (autonomous) computations of spacecraft maneuvers, where speed, accuracy, and memory place severe constraints on numerical algorithms.
